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New formulation for squeezed fermion-pair states
as a counterpart of Grassmannian evolution?
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Abstract. A new formulation for deriving the squeezing fermion-pair operators, which manifestly shows
the correspondence between pseudo-classical transformation in Grassmann number space and quantum
mechanical Fermi operators, is presented. In this formulation new fermionic operator formulas regarding
Bogoliubov-Valatin transformation are obtained.

PACS. 03.65.-w Quantum mechanics

In reference [1] it is pointed out that Bardeen-Cooper-
Schreiffer state [2] is a sort of squeezed fermion-pair state.
In a recent paper [3,4], Liu and Li proposed a formula-
tion of deducing the Bogoliubov-Valatin transformation
formula [5] by using the disentangling technique for ma-
trices [6,7]. Using this formula they claimed that the BCS
reduced Hamiltonian can be diagonalized in the particle
space rather than the quasi-particle space. They started
from the transformation which mixes the Fermi operators
ap↑ and a†−p↓,

Upap↑U
†
p = µpap↑ − νpa†−p↓,

Upa−p↓U
†
p = µpa−p↓ + νpa

†
p↑,

Upa
†
p↑U

†
p = µ∗pa

†
p↑ − ν∗pa−p↓,

Upa
†
−p↓U

†
p = µ∗pa

†
−p↓ + ν∗pap↑, (1)

where Up is a unitary operator to be determined, µp and
νp are complex transformation coefficients satisfying

|µp|2 + |νp|2 = 1, (2)

then Liu and Li assigned that µp and νp are the functions
of a certain real parameter x, tried to derive the unitary
operator Up by differentiating equation (1) with respect
to x. They solved the resulting equation, with use of dis-
entangling technique for matrices and finally led to equa-
tion (9) of [4]. However, their differential equations need
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tedious calculations and the knowledge of Lie algebra. In
this Letter, we want to point out that Up in particle space
can be obtained very easily by the mapping technique from
a pseudo-classical transformation

(α1, α2)→
(
µ∗pα1 + νpᾱ2, µ

∗
pα2 − νpᾱ1

)
in Grassmann number space onto the following ket-bra
integration-form projection operator

Up =
1
µ∗p

∫ ∫
dᾱ1dα1dᾱ2dα2

×
∣∣µ∗pα1 + νpᾱ2, µ

∗
pα2 − νpᾱ1

〉
〈α1,α2| , (3)

where |αi〉 (i = 1, 2) is a normalized fermionic coherent
state [8] defined as

|α1〉 = exp[−1
2
ᾱ1α1 + a†p↑α1] |0〉1 ,

|α2〉 = exp[−1
2
ᾱ2α2 + a†−p↓α2] |0〉2 , (4)

αi is the Grassmann number satisfying the anti-
commutative relations

{α1, α2} = 0, {αi, ai} = 0, (5)

and the Berezin integration formula [11]∫
dαα = 1,

∫
dα = 0. (6)

The ket in equation (3) is constructed by the variation

α1 → µ∗pα1 + νpᾱ2, α2 → µ∗pα2 − νpᾱ1,
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Up =
1

µ∗p

Z Z
dᾱ1dα1dᾱ2dα2 exp

�
−1

2

��
µpᾱ1 + ν∗pα2

� �
µ∗pα1 + νpᾱ2

�
+

�
µpᾱ2 − ν∗p ᾱ1

� �
µ∗pα2 − νpᾱ1

��
+ a†p↑

�
µ∗pα1 + νpᾱ2

�
+ a†−p↓

�
µ∗pα2 − νpᾱ1

�o
× |00〉 〈00| exp

�
−1

2
(ᾱ1α1 + ᾱ2α2) + ᾱ1ap↑ + ᾱ2a−p↓

�

=
1

µ∗p

Z Z
dᾱ1dα1dᾱ2dα2 : exp

�
− |µp|2 (ᾱ1α1 + ᾱ2α2)− µpνpᾱ1ᾱ2 − µ∗pν∗pα2α1

+a†p↑
�
µ∗pα1 + νpᾱ2

�
+ a†−p↓

�
µ∗pα2 − νpᾱ1

�
+ ᾱ1ap↑ + ᾱ2a−p↓ − a†p↑ap↑ − a

†
−p↓a−p↓

o
: (8)

which is a pseudo-classical correspondence of (1). Once the
integration in (3) is performed, the explicit form of Up in
Hilbert space can be obtained. At this point we would like
to mention that Grassmann numbers and fermionic coher-
ent states are recently employed to evaluate the nonadia-
batic Hannay’s angle of Grassmannian of spin one half in
a varying magnetic field [9]. By substituting equation (4)
into equation (3), taking into account the identity

|00〉 〈00| =: exp
[
−a†p↑ap↑ − a

†
−p↓a−p↓

]
:, (7)

where : : denotes normal ordering of Fermi operators, we
have the following expression of Up,

see equation (8) above.

In order to perform the integration, we use the technique
of integration within an ordered product (IWOP) of Fermi
operators [10] (note that Fermi operators are anti-permute
within : :, but a Grassmann-number-Fermi-operator pair
commutes with another such a pair within : :.) and employ
the Grassmann number integral formula [11]∫ ∏

i=1

dᾱidαi

× exp

−∑
k,j

ᾱkAijαj +
∑
k

(ᾱkηk + αkη̄k)

 =

detA exp

∑
k,j

η̄k
(
A−1

)
kj
ηj

 , (9)

where η̄k and ηk are both Grassmann numbers, A is a
complex matrix. Then after the integration equation (8)
becomes to

Up = µp exp
[
νp
µp
a†p↑a

†
−p↓

]
: exp

[(
1
µp
− 1
)

×
(
a†p↑ap↑ + a†−p↓a−p↓

)]
: exp

[
ν∗p
µp
ap↑a−p↓

]
. (10)

Using the Fermi operator identity,

exp
[
λf†f

]
= 1 +

(
eλ − 1

)
f†f

=: exp
[(

eλ − 1
)
f†f

]
:, (11)

where f † (f) is Fermi creation (annihilation) operator, we
can remove : : away in equation (10), this gives the final
form of Up, i.e.,

Up = exp
[
νp
µp
a†p↑a

†
−p↓

]
exp
[
−
(
a†p↑ap↑ + a†−p↓a−p↓ − 1

)
× lnµp

]
exp

[
ν∗p
µp
ap↑a−p↓

]
. (12)

From the operator identity

eABe−A = B + [A,B] +
1
2!

[A, [A,B]]

+
1
3!

[A, [A, [A,B]]] + · · ·, (13)

one immediately checks that (12) leads to the unitary
transform (1). It should be noticed that fermionic coherent
states are not orthogonal each other, instead,

〈α| α′〉 = exp
[
−1

2
ᾱα− 1

2
ᾱ′α′ + ᾱα′

]
, (14)

therefore Up does not change a coherent state to another
coherent state, i.e.,

Up |α′1, α′2〉 6=
∣∣µ∗pα1 + νpᾱ2, µ

∗
pα2 − νpᾱ1

〉
. (15)

However, the following expectation values

〈α1,α2|Upap↑U†p |α1,α2〉 = µpα1 − νpᾱ2,

〈α1,α2|Upa−p↓U†p |α1,α2〉 = µpα2 + νpᾱ1 (16)

do indicate that the point (α1, α2) in pseudo-classical
Grassmann number space has been moved to another
point (µpα1 − νpᾱ2, µpα2 + νpᾱ1). From above we see that
the fermionic squeezing operator is just the mapping of its
corresponding pseudo-classical transformation. The nor-
mally ordered squeezing fermion-pair operator can be eas-
ily derived by virtue of the fermion coherent state and the
IWOP technique. This idea has more advantages. For ex-
ample, due to (3) and (14) we can use the fermionic co-
herent state representation and (7) as well as (9) to derive
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exp

�
µ∗pν

′
p + νpµ

′
p

µpµ′p − ν∗pν′p
a†p↑a

†
−p↓

�
exp

h
−
�
a†p↑ap↑ + a†−p↓a−p↓ − 1

�
ln
�
µpµ

′
p − ν∗pν′p

�i
exp

�
µpν

′∗
p + ν∗pµ

′∗
p

µpµ′p − ν∗pν′p
ap↑a−p↓

�
=

exp

�
νp
µp
a†p↑a

†
−p↓

�
exp

h
−
�
a†p↑ap↑ + a†−p↓a−p↓ − 1

�
lnµp

i
exp

�
ν∗p
µp
ap↑a−p↓

�

× exp

"
ν
′
p

µ′p
a†p↑a

†
−p↓

#
exp

h
−
�
a†p↑ap↑ + a†−p↓a−p↓ − 1

�
lnµ

′
p

i
exp

2
4ν′∗p
µ′p

ap↑a−p↓

3
5 (21)

the result of two successive fermionic squeezing transfor-
mations,

UpU
′

p =
1

µ∗pµ
′∗
p

∫ ∫ ∫ ∫
dᾱ1dα1dᾱ2dα2dᾱ′1dα′1dᾱ′2dα′2

×
∣∣µ∗pα1 + νpᾱ2, µ

∗
pα2 − νpᾱ1

〉
× 〈α1,α2| µ′∗p α′1 + ν′pᾱ

′
2, µ
′∗
p α
′
2 − ν′pᾱ′1

〉 〈
α′1,α

′
2

∣∣ . (17)

Note that Up and U
′

p do not commute each other. After
performing the integration, we get its explicit expression,

UpU
′

p = exp
[
µ∗pν

′
p + νpµ

′
p

µpµ′p − ν∗pν′p
a†p↑a

†
−p↓

]
× exp

[
−
(
a†p↑ap↑ + a†−p↓a−p↓ − 1

)
ln
(
µpµ

′
p − ν∗pν′p

)]
× exp

[
µpν

′∗
p + ν∗pµ

′∗
p

µpµ′p − ν∗pν′p
ap↑a−p↓

]
. (18)

To show the correctness of (18), we calculate

UpU
′

pap↑U
′†
p U
†
p =

(
µpµ

′
p − ν∗pν′p

)
ap↑

−
(
µ∗pν

′
p + νpµ

′
p

)
a†−p↓. (19)

It is noted that∣∣µpµ′p − ν∗pν′p∣∣2 +
∣∣µ∗pν′p + νpµ

′
p

∣∣2 = 1,

since |µp|2 + |νp|2 = 1, and
∣∣µ′p∣∣2 +

∣∣ν′p∣∣2 = 1. On the other
hand, according to equation (1) we have

Up
(
U ′pap↑U

′†
p

)
U†p = Up

(
µ′pap↑ − ν′pa

†
−p↓

)
U†p

= µ′p

(
µpap↑ − νpa†−p↓

)
− ν′p

(
µ∗pa

†
−p↓ + ν∗pap↑

)
=
(
µpµ

′
p − ν∗pν′p

)
ap↑ −

(
µ∗pν

′
p + νpµ

′
p

)
a†−p↓, (20)

which is equivalent to equation (20). Thus the accordance
of equation (21) with (20) demonstrates the correctness
of (18). Combining equations (12, 18) together we obtain
a new operator identity

see equation (21) above.

Following the same procedures as deriving (17) it is inter-
esting to see that after the two successive transformation
the point (α1, α2) in pseudo-classical Grassmann number
space moves to the point

((µpµ′p − ν∗pν′p)α1 − (µ∗pν
′
p + νpµ

′
p)ᾱ2,

(µpµ′p − ν∗pν′p)α2 + (µ∗pν
′
p + νpµ

′
p)ᾱ1).

The formulation in this work shows the Grassmannian
evolution is the classical counterpart of squeezing fermion-
pair transformation. This may be of the same importance
with the recent paper [9] in which the spin one half in a
varying magnetic field is associated with the evolution of
Grassmannian invariant-variable-angle coherent state.
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